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Toward More Accurate Class Designations
Peter F. Colwell, Samuel W. Sax, and Thomas F. Sax
Everyone in the commercial real estate
business is familiar with notions about
real estate "class." Some properties are
referred to as "Class A," others as "Class
B;" sometimes we see even "Class C"
or lower designations. A more refined
version of this type of classification
system could be quite helpful to brokers
who market commercial property and
securities, users of commercial real estate
services, and analysts of real estate mar
ket trends. Currently, assigning a proper:
ty to a class is so imprecise a process that
the most serious market observers take
class designations with a grain of salt.
It is not unusual, for example, for
a building's owner and an outside party
to assign different class ratings to the
same property. An owner might assert
that he has space available in Class B
properties, only to have listeners think
to themselves, "if he really had a Class
B portfolio he would call it Class A, so
since he calls it Class B it must actually
be Class c." The point here is that, to
date, class has been in the eye of the
beholder. This subjectivity is an impedi
ment to the provision of reliable informa
tion on commercial real estate markets.
The issue is not trivial; reliable infor
mation on specific properties is crucial
for efficient real estate securitization.
For example, the Real Estate Investment
Trust (REIT) and Commercial Mortgage

Backed Security (CMBS) markets might
be aided if the class, or at least a possi
ble range of classes, for the underlying
properties could be provided in a form
that would be credible to REIT share and
CMBS buyers. That is, prices of these
securities should be enhanced to the ex
tent that any hint of a "lemons" problem
can be eliminated. (The lemons problem
is that buyers hold back on their offering
prices because they fear that sellers, who
know more about what is being sold, will
sell their least desirable units while keep
ing the best units for themselves.)
Quantifying class is also the key to
testing certain hypotheses regarding the
investment performance of real estate.
For example, it may seem that Class A
property should have a lower risk and
return profile than Class B property, but
this hypothesis can not be tested without
objective measures of class. Also, the
hypothesis that Class A property benefits
from a "flight-to-quality" when rental
markets turn sour requires a firm handle
on which properties are Class A and
which are not. Finally, class may be
critical in evaluating private portfolios
of properties (e.g., bank branches, rest
aurants, schools). We therefore propose
replacing today's system of judgments,
based on casual observation and impres
sionism, with a measure of class based
on reproducible, more reliable analysis.
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Quality and Condition Issues
Most commercial real estate market
observers would agree that a property's
class is determined by three elements:
building quality, building condition, and
site quality. An important question is
how these elements might be reliably and
consistently analyzed, so that reliable and
consistent overall class designations can
be assigned. We interpret building quality
based on the relative reproduction cost of
all building components. Specifically, we
measure building quality on a zero to ten
scale, computed as ten times the cost per
square foot of having built the subject
structure, divided by the maximum cost
per square foot in the market. Thus, a
construction cost mirroring that of the
area's costliest structures merits a 10.

it would be technologically, or otherwise
physically, impossible to correct. Our
measure of condition requires estimates
of the theoretical repair costs for both the
curable and incurable depreciation items.
Just as with building quality, our
measure of condition has a scale with a
maximum of ten. From a base of ten, we
subtract ten times the ratio of the theoret
ical repair cost to the total replacement
cost. Thus a cost to cure of zero, suggest
ing no needed improvements, leads to a
building condition measure of 10. If the
cost to cure were greater than the replace
ment cost, then our measure of building
condition could theoretically take on a
negative value. However, it is unlikely
that it would be useful to apply the index
to properties in such woeful condition.

Setting this measure relative to the
market, rather than in absolute dollar
terms, is controversial; however, there is
a rationale. The localized nature of real
estate markets suggests that a building's
economic performance should relate to
its relative position within its market, not
to its position globally. For example, a
flight-to-quality might occur within any
market, but the highest quality properties
in Chicago differ radically in absolute
quality from those in Champaign. Still,
we hypothesize that they play similar
relative roles in their respective markets.
We can compute the extent to which this
hypothesis is true, because we gather
absolute cost information in the course of
measuring building qUality. We can then
make modifications in the quantification
of quality and, ultimately, of class.
We measure a building's condition
based on the costs that would be required
to put the building into essentially new
condition. Thus, the condition depends
on physical depreciation and functional
obsolescence, both curable and incurable.
It is important to recall that the appraisal
term "incurable" means that a deficiency
would be unprofitable to remedy, not that

Finally, we base our measure of site
quality on land value, relative to values
of sites for comparable properties. As
with the other two elements of our class
analysis, we measure site quality on a
zero to ten scale. Specifically, we com
pute relative site quality as ten times the
value of the subject site (based on some
relevant standard, such as the price per
front foot), divided by the corresponding
value for the highest valued site in the
market. Thus a price per front foot equal
to that of the market's most desirable site
gives us a measured site quality of 10.
Our class measure's use of compon
ents normally found in an appraisal cost
approach should provide some comfort to
the market. But it should be obvious that
our class designation is not based simply
on a cost approach market value estimate.
That is, reproduction cost minus depre
ciation, plus land value, does not yield
our indicator of class. Indeed, our tech
nique does not utilize market value, as
determined via the cost approach or any
other approach. Class estimates therefore
are not direct substitutes for appraisals
and, by the same token, appraisals are not
substitutes for estimates of property class.
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Assigning an Overall Rating
As stated above, all three components of
our measure of class are essentially based
on a scale that ranges from zero to ten,
with ten as the best and zero as the worst.
It might seem, therefore, that our overall
class designation would relate to a zero
to-ten based average of the component
values. However, while we do combine
the three measures into a zero-to-ten
overall class rating, it is not done by tak
ing a simple average, or even a weighted
average. We instead combine the compo
nents into a single index using a principle
that we call the Class Ratchet Effect.
Perhaps the best way to describe
the Class Ratchet Effect is through the
aphorism, "You can't make a silk purse
out of a sow's ear." For example, even
a perfect maintenance program, which
would bring about a 10 on the building
condition dimension, could not lead to
an overall rating of 10 if the building'S
quality rank were only an 8. At the same
time, a condition rank of 8 would not
cause a building with a quality rank of
10 to drop to 8 overall. What may be
surprising is that it might not even cause
the overall class rating to fall to a 9.
The Class Ratchet Effect can be
described by the following equation:
C

=B(UBf25(KIIO).45

where C = overall class rating, B = mea
sured building quality, L =relative land
(site) quality, and K =building condition.
Note the important role that building
quality plays in our assignment of class.
The parameters (the powers .25 and .45)
in the equation were calibrated from a
study in which we surveyed the members
of the Real Estate Counseling Group of
America, although we had to exercise
some judgment in estimating the para
meter values to fit the study data. The
type of expert opinion survey that we
employed is known as a Delphi study.
Each member of RECGA was asked to
provide a report on one office building
that he or she knew well, with no two

Our equation generates numerical
scores that can be translated into fairly
specific letter-based class ratings. These
ratings are, by design, similar to ratings
that major financial firms assign to bonds.
After all, our intent is to provide market
observers with objective, reliable, and
easily interpreted information on the risks
of specific investments. An overall score
of 9 or higher places the property in the
AAA class, a score at least 8 but less than
9 designates the AA class, and a score at
least 7 but less than 8 denotes the A class.
The lowest investment grade (suitable
for conservative investors, like pension
funds) class, BBB, arises from a score
at least 6 but less than 7. Lower scores
denote the six below-investtnent grade
classes of BB, B, CCC, CC, C, and D.

Consider some numerical examples:
If B, L, and K are all 10, then we find
C = 10(10110)·25(10/10).45 =10
If B = 10, L =10, and K = 7, we find
C= 10(10/10)·25(7110)-45 = 8.52
If B =7, L= 10, and K =10, we find
C= 7(1017)-25(10110).45 7.65
If B, L, and K are all 7, we find
C = 7(7n)·25(7/10)-45 5.96
If B

=5, L= 5, and K= 7, we find
C = 5(5/5)-25(7/10).45 =4.26

Thus a property judged perfect on each
dimension would earn a perfect 10 over
all class rating. But that rating falls as
various components are judged less stel
lar, with the decline more pronounced if
an inferior component is building qUality.
(The exponents, each less than 1 in value,
indicate that the overall score changes
less than proportionally with changes

members reporting on the same property.

in the underlying component rankings.)

Each respondent was asked to assign
numerical rankings for the building's
quality, the building's condition, and
the site's quality, along with providing
a subjectively based overall letter rating
to signify the property's class.

The Class Ratchet Effect might more
easily be illustrated with an example that
includes only two of the three compon
ents at a time. Assume, for purposes of
this illustration, that the site quality rank
ing equals the building quality ranking.

That is, a building that is a lOin quality
would be found on a site that is also a 10
in quality; an 8 quality building would be
located on an 8 quality site. This simpli
fying assumption of perfect correspond
ence between building and site quality
allows us to proceed considering only
variations in comprehensive quality and
building condition. We can therefore
represent building class issues in a two
dimensional graphical format. Figure 1
shows how quality, condition, and class
are related. Rating in a specified class is
shown on the graph's vertical axis, while
the condition and quality rankings deter
mine position along the horizontal axis.
The diagonal line in Figure 1 defmes
the ratings for buildings in perfect condi
tion, regardless of their qUality. That is,

any point on the diagonal line shows the
class for a property in perfect (10) con
dition and with a quality ranking equal
to a given measure along the horizontal
axis. For example, in this simplified
analysis, a property in perfect condition
with a quality ranking of 8 will have an
overall rating of 8, at the break-point
between the A and AA classes (see the
intersection of the vertical dotted line
with the diagonal). Similarly, a building
in perfect condition with a 9 quality rank
ing will be at the break-point between the
AA and AAA classes. A quality 4 proper
ty would have to be in perfect condition
to reach the low end of the B rating class.
In other words, even a property in perfect
condition can attain an overall class rat
ing no higher than its combined quality
ranking. After all, building quality is very
difficult to change once construction has
been completed. Think of the sow's ear.
At the same time, a high quality pro
perty whose condition has deteriorated
could again become a silk purse with ap
propriate maintenance activity. For that
reason, the curves based on the quality
ranking exist only above, and to the left
of, the diagonal line. (Curves that would
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represent quality rankings from 7 down
to I are omitted to prevent clutter, but
they would be sequentially closer to the
diagonal line, with each intersecting the
diagonal at the break-point for the next
lower class.) This outcome demonstrates
the Class Ratchet Effect in operation: a
property can freely fall backwards in its
ranking along its curve due to reductions
in its condition, but it can be driven up to
a higher curve only through an increase
in its fundamental combined quality.
For example, a property that is a 10
in measured quality and an 8 in condition
measures the same 8 along the horizontal
axis as does the property with an 8 in
quality and a 10 in condition, but the
higher quality gives the former a con
siderably higher class rating (low in the
AAA range; see the intersection of the
vertical and horizontal dotted lines) than
the latter (the AlAA break-point). In fact,
the low AAA class rating of the property
ranked 10 in quality and 8 in condition
slightly exceeds that of a property rated
9 in quality and a perfect lOin condition
(the AAlAAA break-point). Because a
quality and condition product 10 x 8 =80
can indicate a class rating score higher
than a product of 9 x 10 =90, it should be
clear that averaging the component rank
ings would be a disastrous method for
determining a property's overall class.
Indeed, a property with the very
highest quality could receive a respect
able rating in the AA investment grade
class even if its condition were ranked
as low as 6.2. (A condition ranking just
under 6.2 would place this property at the
high end of the A class, while a condition
ranking just over 7.9 would place it at the
low end of the AAA class.) But any qual
ity below the exceptional level makes it
difficult for the property to attain a high
investment grade rating. Even with a
fairly high 9 in quality, a property could
reach the AA class designation only if its
condition were in the fairly high range
of7.9 to 10. A slight decline in quality
therefore can be offset only with a large .
improvement in condition. As shown
earlier, a property with a ranked quality
of 8 could be in the AA class only if its
condition merited a perfect score of 10.
A property with a qUality score less than
8 could reach a rating no higher than the
high end of the A class category.
page 4

The numbers in the above illustra
tions are intended only to show the prin
ciples at work. A particular property's
actual class rating can be determined only
if the analyst has reliable estimates of
all three underlying factors. (A different
Delphi study might produce different
parameter values, and recall that Figure
I and its related computations reflect a
simplifying assumption that the building
and site quality rankings would always
be the same a condition that might not
be observed in real world applications.)

Institutional Issues
It may also be useful to broaden the way
we think about institutional real estate. A
broader institutional grade category will
facilitate institutional acquisition of prop
erties situated in locations that are likely
to experience relative growth in the
near term. For example, suburban office
buildings may be positioned to experi
ence gains relative to downtown trophy
properties as the distributed computing,
Internet, and communication revolutions
affect management structure and, ulti
mately, office location choice. It is our
view that, within bounds, institutional

investments in real estate should not be
limited to the highest quality physical
realty. In fact, imposing such a constraint
would probably damage an institution's
risk-return profile. A wider range of
bond-like class categories, rather than
commercial real estate's traditional A
through C class designations, would
allow - perhaps even force - analysts to
consider a comprehensive set of factors
in choosing investment properties.
Objective, reproducible measures
of property class will facilitate research
and, in tum, have an impact on portfolio
choice. Research is needed on the basic
formula that determines property class
(e.g., absolute vs. relative values, and the
magnitudes of the parameters), as well as
on the impact of class on risk and return.
We view our efforts, as outlined above,
as a first step toward systematically clas
sifying commercial property, and encour
age others to build on this foundation.
Better decision making should result. •

Samuel W. Sax is Chainnan of Chicagobased Property Risk Rating, ac. Thomas
F. Sax is a principal with Pedersen and
Houpt, also in Chicago.

Figure 1: Class Designation Based on Quality and Condition
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Technical Notes

Static and Dynamic Simulation ofthe Four Quadrant Model
Daniel Gat
One of the best and most concise para
digms of the real estate market is the
DiPasquale and Wheaton Four Quadrant
model. This useful tool, which has been
well received within the academic com
munity, presents a static analysis, in
which we consider the outcome when
one aspect of the market changes and
everything else remains unchanged. The
following discussion explains this static
equilibrium model graphically (and, in
an appendix, algebraically), and then
provides insights into a dynamic analy
sis (with various aspects of the market
changing simultaneously in response to
each other) based on the model's logic.

• What is the relationship between the
standing stock of real estate and the
flow of new construction?
• What conditions hold in equilibrium?
• And, finally, what happens when there
is a disturbance?
Before developing extensions, we might
wish to start with a clean slate by review
ing the model in its original form. We can
begin by looking at each of the first four
questions separately, and can then com
bine the results to yield the equilibrium
relationships and allow some discussion
of the aftermath of a disturbance.

Total Floor Area Demand
Population x Per-Capita Demand.
This equation leads to the question: what
factors determine per-capita demand?
The two most commonly cited factors are
per-capita income (theorized to have a
positive relationship with demand: more
income leads to more space demanded)
and the rental rate (theorized to have a
negative relationship: people seek less
space to use as its per-unit price rises).
This demand function is formulated as a
simple linear relationship (see the appen
dix for a mathematical representation).

PrurtI:S~ticEqWlibrlum

The simple yet powerful DiPasquale
Wheaton model paints a not-too-detailed,
yet sufficiently rich, bird's-eye view of
the real estate market system. It provides
these insights by mutually linking four
major system components: the space
rental market, the capital market, the
construction market, and the asset
depletion and replenishment mechanism.
The strength, geometric elegance,
and compactness of presentation has not
escaped the eyes of real estate scholars.
The model has been reproduced and
extended in college classes, academic
papers, and textbooks. For example, in
"Tweaking the DiPasquale-Wheaton
Model," Colwell (2002) replaces gross
rental revenue and the market interest
rate with net operating income (NOI) and
a property-specific capitalization ("cap")
rate. He also creates a cob-web model to
help the reader bridge the gap between
successive equilibria.
We can build on these earlier authors'
contributions to enhance the Four Quad
rant model in ways that render it appli
cable in answering the following real
estate questions:

The Demand Side
The central determinant of the demand
for improved real estate (which we repre
sent as floor area demand) is population.
People need constructed space as a place
to live, learn, work, and conduct all other
functions of urban life. If other things
are held equal, a popUlation increase will
trigger a positive shift in the demand for
floor space. Hence it is useful to repre
sent the demand function for rental floor
area as a product of population size and
per-capita demand:

Based on these assumptions, we
isolate the rental rate to get rent R as a
function of demand D, with income and
population acting as the factors that could
cause demand to shift. In Figure I, the
bold line shows the initial demand curve,
while the lighter line shows demand
shifting because of a population increase
(resulting in a gentler slope) as well as a
higher income (giving a higher intercept).
When such a shift occurs while the sup
ply of space stays constant (the vertical
line), the rental rate goes up vertically.

Figure 1: Demand for Rental Space

• What are the major factors that
determine the demand for real estate?

• What is the link between the rental
rate and real estate's asset value?
• What motivates entrepreneurs to
initiate real estate projects?
Spring/Summer 2002
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Asset Value Determination
Financial theory tells us that an economic
asset's value equals the present value
of its expected future cash flows. If we
assume that the tenant pays rent plus all
the costs of operating the property (a
"net" lease), then the property owner's
cash flow at time t equals the rent, R(t).
If we further simplify and assume that
expected rent will stay constant, then we
estimate the asset value by dividing the
present rent by the capitalization rate,
according to DiPasquale and Wheaton.
This simple relationship between rent
income and asset value can be shown by
a straight line passing through the origin;
see Figure 2. The lighter line's pivotal
shift represents an increase in the cost of
capital and, in tum, a lower asset value.

Asset Supply Side
Intuition tells us, and data show, that
when market values increase, producers
make an effort to produce and provide
larger quantities. New entrepreneurs also
enter the market, further increasing the
supply. This relationship holds in the real
estate market just as it does in other cor
ners of the economic world. As V, the
value of floor space, increases beyond
its production cost Vo. we see more real
estate construction starts, C. This process
is represented in Figure 3. Note that when
asset values fall below production costs,

builders halt construction and wait for
more favorable conditions to return
(C has a zero value to the left of Yo)'
The slope of the bold line represents the
sensitivity of construction starts to the
change in real estate's asset price.

Fig. 4: Stock A vs. Construction C

Asset Supply and Size of the Stock
By definition, in equilibrium the size of
the standing stock A of real estate stays
unchanged. Therefore, any amount of
floor area C added by construction must
be equal to the built-up space lost by at
trition. We assume the attrition rate is a
constant, small percentage of the stock;
therefore the amount of construction that
offsets attrition is assumed to be the same
smail, constant percentage. In Figure 4,
the relationship between construction and

the stock of floor space is shown as a line
passing through the origin, similar to that
shown in Figure 2. To close the model,
we assume that there is clearance in the
rental market, meaning that the quantity
rented each period must equal the stock.

Putting It AU Together
The set of four market components can
be combined and shown as an integrated
system in a state of eqUilibrium. We can
achieve this result by graphically aligning
and merging the four previous figures, as
shown together in Figure 5.

The four graphs are amenable to such a
merger because each aligned pair shares
one common variable. Figures 1 and 2
show rent R on their vertical axes; Fig
ures 3 and 4 show new construction starts
C on their vertical axes; and Figures 2
and 3 show value Von their horizontal
axes. In the case of the property stock
A vs. the quantity rented C, the units are
different, but the quantities are identical
in equilibrium (stock is measured in
square meters, while the units of rental
space are measured in square meters per
month). Equilibrium is shown in Figure 5
by the rectangle whose comers intersect
with the four bold lines.

When Equilibrium Shifts
When equilibrium is disturbed in one of
the four components - for example, when
demand shifts in a northeastern direction
the equilibrium goes out of kilter in
all of the four subsystems. In a graphical
framework, as shown in Figure 6, we use
trial and error to regain the eqUilibrium
(we fit a new rectangle such that it inter
sects the new demand line and the bold
lines in the other three graphs).

Figure 3: Construction Starts and Asset Value
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Figure 5: The Four Quadrant Model

Part IT: Dynamic Equilibrium
What happens to the four quadrant sys
tem when it experiences a disturbance,
but before the system moves to a new
equilibrium? Conceptually, a disturb
ance could be a change, either instant or
gradual, and either positive or negative,
in income, population size, size of the
stock, construction cost, or the interest
rate. A more complex model could even
include the effects of taxation. To make
the model dynamic, we must introduce
some effects that were missing from the
static model. They are:

Note what has occurred. An increase
in demand, represented by the higher
downward-sloping line in the upper-right
quadrant (original Figure I), is accompa
nied by upward movement along the bold
line in the upper-left quadrant (original
Figure 2); rents and asset values in the
market both increase after the demand
shift. There is also upward movement
along the bold line in the lower-left

quadrant (original Figure 3); creation of
floor space increases because of greater
demand. Finally, we see upward move
ment along the lower-right quadrant's
bold line (original Figure 4); the added
construction causes the stock of space to
grow. If demand had instead fallen, Fig
ure 6 would show a new equilibrium with
lower rents and values, and a reduction in
construction starts and the usable stock.

Asset Value Becomes Speculative
In a dynamic environment, market par
ticipants formulate a collective guess
regarding the future change in rent, and
they incorporate that anticipated change
into their valuation computations. Thus,
when g, the market estimate of rental
growth, is known, financial theory tells
us to reduce the capitalization rate by g
when estimating asset values. (Reducing
the "cap" rate leads to a higher value
estimate an outcome consistent with
the idea that a growing income stream
is worth more than a stream that has the
same initial period income but is not
expected to grow.)
Construction Lag
Because construction takes time, in a
dynamic model we must differentiate
between construction starts S and com
pleted space C. If, as in Israel, a typical
construction period is from one to two
years in duration, then a good approxima
tion of the relationship between construc
tion starts and building completions has
to be a weighted average of last year's
starts and those of the year before it. In
equilibrium, all periods experience equal
quantities of starts, and thus C equals S.
Stock Adjustment
In a dynamic model the stock of floor
space changes. We can measure this
change as follows: this year's stock
equals last year's, minus last year's
attrition (loss of space resulting from
intentional demolition, or from such
natural causes as fire or flood), plus the
amount of new space constructed. Once
the system hits equilibrium, the stock of
space A remains unchanged.

Spring/Summer 2002
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Simulations
Having redefined the model, we can
now conduct simulation runs. Simulation
software allows us to analyze situations
in which changes in several variables'
values occur simultaneously. Simula
tion allows for great improvements over
traditional static analysis, in which one
variable can change in value only if we
hold all other values constant. After all,
the world is a dynamic place, where
important economic factors are likely
to change simultaneously. We begin the
simulation by assigning values to all the
parameters (see the "seed values" listed
in Table A with the appendix, on the
following page). Equilibrium values are
then computed for each of the variables.
Each simulation run is begun with
five periods of equilibrium, and then the
system is perturbed, either suddenly (a
"step" disturbance) or gradually (ramping
upward or downward, in either a linear or
nonlinear manner). A one-time change in
the stock of floor space is anticipated to
cause an immediate reduction in rents
and asset values, but the market should
eventually return to its original equilib
rium. However, a permanent change in
one of the determinants of fundamental
demand- perhaps population or income 
should lead to a new equilibrium level.
A gentle disturbance should generate a
jump, and then a smooth trajectory to the
new equilibrium. A violent disturbance
can cause fluctuations for a long while.
Run 1: Reduction in Stock ofSpace
A sudden removal of 10% of the market's
stock of usable floor space, perhaps as
the result of an earthquake, will cause
a serious shortage, leading to a sudden
jump in rents and asset values. Builders

respond to these changes by accelerating
their rate of construction starts. Several
years later, everything gets back to nor
mal, with the market making a reason
ably smooth and rapid return to its pre
earthquake equilibrium; see Figure 7.
A sudden removal of 20% of the
stock of space, on the other hand, causes
a major market disarray: asset prices sky
rocket, triggering such a violent increase
in building starts that rents plummet
shortly afterward, and then construction
ceases altogether. Fluctuations continue
over many periods, and what follows is a
mUlti-year period of overstock. This more
severe outcome is illustrated in Figure 8.
Run 2: Sudden Population Increase
Population jumps are like the removal of

part of the stock of space; they cause an
immediate shortage or a reduction in the
per-capita stock. However, they eventu
ally result in a higher total stock of space.
Run 3: Gradual Increase in Real Income
This run is based on a gradual, but equal
percentage, growth in real income in each
year of a 5-year period of affluence. As
time goes by and growth persists, market
participants revise their collective esti
mate of growth upwards, and asset values
rise precipitously. The reverse happens
when income growth comes to an end,
while the per-capita stock rises too much.

Conclusion: Power of Simple Models
A simple model can be powerful if its
simplicity highlights an important topic
and masks unnecessary clutter. The
DiPasquale-Wheaton four quadrant
model belongs in this category. Its em
phasis is on four or five essential vari
ables, and on the relationships between
various pairs of these variables. By
focusing initially on static equilibrium,
we have been able to easily demonstrate
the resulting interrelationships among all
of the variables. A contribution of this
discussion has been to carry the model
two modest steps forward. First, we have
formalized the model, to allow for calcu
lating the equilibrium values, given the
various parameter values (see the equa
tions in the appendix on the facing page).

Second, running simulations has allowed
us to study the real estate market's beha
vior in between equilibria, thereby gain
ing better understanding of what happens
when changes are introduced.
•
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Figure 8: Outcome When Floor Space Declines by 20%
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Appendix: An Algebraic Representation ofthe Four Quadrant Model
The Equations ofPart I
The demand function is fonnulated in
the simplest way, i.e. as a linear function
(see equations 1 and 2). It might just as
well be represented by a log-linear fonn.
Both fonns are amenable to estimation
through regression analysis.

We isolate the rent rate to get rent R as
an inverse function of demand D, with
income y and population N acting as shift
parameters:
(2)

Asset Value
As noted in the preceding text, basic
financial theory tells us to compute the
value of an economic asset as the present
value of its expected future cash flows.
If all costs of using the property, above
and beyond the rent, are paid by the user
(as is the custom in Israel), then the own
er's cash flow at time t equals the rent,
R(t). The asset value, V, is then given by:
""
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construction) occurs whenever the mar
ket price rises above replacement cost:

C

(5)
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In equilibrium, the size A of the standing
stock of real estate remains unchanged
(by definition). Therefore, any amount of
floor area added by construction C must
be equal to the amount of built-up space
lost by attrition. If we assume that the
attrition rate is constant at 0, a small per
centage of the stock, then:

(6)

C=oA.

To close the model, we assume that there
is clearance in the rental market. If the
market clears, then the quantity rented
each period must equal the stock:

(7)

D

A.

Putting It All Together
We combine the set of market compon
ents, and show them as an integrated sys
tem in a state of equilibrium, by simul
taneously solving the above equations
(in the preceding graphical discussion
we achieved the same result by merging
Figures 1 through 4). Following some
algebraic manipulation, we find that the
equilibrium stock turns out to be:

If we further simplify and assume that
expected rent will remain constant, then:

(4)

V=RI,
1=1

1
(1 + k)t

=R
k

Asset Supply and the Size of the Stock
An increase in the asset supply (new

Now that we have stated the value of the
stock A in terms only of exogenous para
meters, we can substitute this value in the

Table A: Seed Values

other equations and derive all the rest of
the endogenous variables. This task is left
for the mathematically inclined reader.
The Equations ofPart II
Asset Value Becomes Speculative
As noted in the text, market participants
in a dynamic environment guess the fut
ure change in rent and incorporate that
anticipated change into their valuations.
In keeping with financial theory, we
subtract this market estimate of rental
growth, g, from the capitalization rate
when estimating asset values (expected
growth thus leads to a higher value esti
mate). We replace equation 3 by:
V

(9)

The antidpated rental change is modeled
as a weighted sum of the actual recent
change gt and the lagged anticipated
change gt-l:
(10)

where
In equilibrium g equals zero, and equa
tion 9 reverts back to equation 3.
Construction Lag
Construction takes time, so in a dynamic
model we must differentiate between
construction starts S and completions C.
In Israel, construction typically takes one
to two years, so a good approximation
of the starts/completions relationship is:
(11)

Ct

= eSH + (1- e)St_2'

In equilibrium, there are the same number
of starts in all periods; thus C equals S.
Stock Adjustment
In a dynamic model the stock of floor
space changes according to the relation
ship we can represent as:
(12)

Ar

(I - o)At-I

+ Ct

•

Here too, once the system hits equilib
rium the market's stock of floor space
A remains unchanged, and equation 12
reverts back to equation 6.
•
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Technology Issues

Real Estate Brokerage and the Internet
Paul M. Anglin
The Internet may be the biggest econom
ic phenomenon of our era. Both in theory
and in hope, it promises more productive
ways to bring transactors together. More
liquid markets should benefit both buyers
and sellers by reducing transaction costs
and price risk. Internet innovators have
also created new ways for brokers to do
business. Virtual open houses let buyers
"visit" houses any day or night, in any
weather, without disturbing the sellers.
Search engines help a buyer narrow a
huge set of listings to a manageable few.
Web sites provide important information,
such as maps, indicators of school quali
ty, and loan calculators, that help buyers
understand transactions and market con
ditions. Yet some observers wonder
whether the real effect of a helpful Inter
net will be to make brokers redundant.
The Internet's rise seems even more
spectacular when we realize that it was
used by only 23% of buyers in 1999,1
whereas by 2002 nearly 80% of buyers
were using it. 2 The most popular US real
estate listing site, Realtor.com, was visit
ed by more than 4 million people in May.
The average user was at the site for more
than 40 minutes, and many spent much
more time there. The National Associa
tion of Realtors® (NAR), which maintains
the site, reported that the average listing
was viewed more than 300 times.

Brokerage and the Web Today
The numbers tell a spectacular story, but
the transformation of so many dot-coms
into dot-bombs has led to cynicism.
Previously popular ideas, such as the
"stickiness" thought to be associated
with an increase in productivity, or the
"network effects" that were supposed to
create "first mover" advantages, are now
regarded as either quaint or disgraced.
Today we expect returns on our invest
ments. Amazon.com, which previously
reveled in its losses, is reporting a profit.
The experiments of adventurous amateurs
are being moved aside by formal proce
dures, although those procedures are not
always without controversy (see the edi
torial at www.inman.comonNAR's pro
posal for displaying listing information).
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In the real estate realm, studies using
high quality data and careful methodol
ogy are becoming available. For exam
ple, Zumpano, Johnson, and Anderson
(ZJA) analyzed data from NAR to estim
ate Internet effects on real estate broker
age. 3 They found that home buyers who
used the Internet reduced their search
times by nearly 20%. More importantly,
their results showed that Internet users
differ significantly from other buyers.4
If we fail to note these differences, we
may overestimate the Internet's overall
effect on matching buyers and sellers of
residential property.

that the probability of finding a house by
any method is independent of the chance
of finding a house under the others, and
has a constant hazard rate (a constant
likelihood that a buyer will purchase in
a given time interval).s We can represent
these hazard rates as:

The need to understand the Internet's
role in today's market is so great that
we may not want to wait for the results
of further rigorous studies. Fortunately,
some crude results can be found quickly
by anyone with appropriate data. The
arithmetic described below requires only
four bits of summary data: two bits on
the time it took each type of buyer to buy,
and two bits on how each type of buyer
first learned about the house ultimately
bought. Most importantly, these data
measure outcomes rather than Internet
usage, which mayor may not affect the
outcome. Data from the ZJA study, when
applied to this model, suggest that the
type of buyer has almost as much impact
on a transaction's outcome as does the
buyer's use of the Internet.

Notice that the Internet users' self
directedness may increase their proba
bility of finding homes: IBI may exceed
IB (although it may not). The algebra of
hazard models is such that the hazard rate
for buying a house, found by any means,
is the sum of the individual hazard rates. 6
Then, as shown in footnote 5, it is easy to
calculate the average expected time to
buy, E(ITB), for either type buyer:

Arithmetic of a Hazard Model
Suppose there are three ways for buyers
to find houses: they can learn by them
selves about homes available for sale
(visiting open houses or scanning ads),
talk with agents, or use the Internet. Most
buyers use a combination of these meth
ods, but those who do not use the Internet
can use only the first two. Suppose also
IUinois Real Esmte Letter

IB or IBI shows the rate at which buyers
find houses on their own (depending on
whether they use the Internet or not),

IA shows the rate at which buyers find
houses from agents' suggestions, and

II shows the rate at which buyers find
houses through the Internet.

E(ITBINon-user) 1/(IA+ IB );
E(ITBIUser) = lI(IA+ IBI+ II)'
From the buyer's perspective, it does not
matter which method for learning about
houses ultimately leads to finding one
suitable to purchase, since the three
methods "compete" with each other (and
some luck generally is involved). But, on
average, the fraction of houses revealed
first by anyone method is a simple ratio,
which also relates to the hazard rates
described above:
Probability(First Learn from Agentl
Non-user) IA/(IA+ IB);
Probability(First Learn on their Own I
Non-user) IB/(IA+ IB
);
Probability(First Learn from Agentl
User) =IA/(IA+ IBI+ II);
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Probability(First Learn on their Ownl
User) = Is/dA+ Is1+ IJ;
Probability(First Learn by Internet!
User) I/(IA + ISl+ II)'

=

For an Internet user or non-user, the pro
babilities must add together to equal 1.

Some Examples
These equations allow us to estimate the
four hazard rates, if we have four sum
mary indicators, A through D, of buyers'
success. To demonstrate, consider ZJA's
finding that, to one decimal place: 7
A: Probability(First Learn from Agentl
Non-user) = 0.5
B: E(ITBINon-user)

16 weeks

c: Probability(First Learn by Internetl
User)

=0.1

D: E(ITBIUser)::: 13 weeks

Data A implies that

IJ(IA+ Is) = 0.5, or IA= Is·
Combining this fact with B implies that
1I(2IJ = 16, so that IA must equal 1/32,
or 0.031. Data C and D imply that
0.031 + lSI + 11 = 1113

=0.077

and I;(0.031 + lSI + II) = 0.1 .
Substituting the first equation into the
bottom of the second equation shows that

11= 0.1 x 0.077 = 0.008.
Substituting this number back shows that
0.031 + IBI + 0.008 ::: 0.077,
or IBI ::: 0.038. That is, the per-week prob
ability of purchase by a buyer who fmds
a house on her own, without the Internet,
is about 3.1 %. The probability of doing
so with an agent is about the same. The
probability of buying a house found on
the Internet is about 0.8%. These figures
can also be used to show that someone
trying to buy with the Internet, but with
out an agent's help, can expect to wait
about 1I(lsl+ II) = 11 0.046 ::: 22 weeks.
The facts that 11 0.008 and Isl - Is:::
0.007 demonstrate that the differences
between Internet users and non-users
are sufficiently large that they must be
addressed in any study of the Internet's
impact on real estate brokerage.

=

Concluding Comments
This note offers some simple formulas
that can be combined with simple data or
Spring/Summer 2002

expert opinion to find crude estimates of
the Internet's effect. I feel that comparing
the average time to buy for different sets
of buyers overestimates the Internet's
direct effect by a factor of about two:
Internet users contribute almost as much
to the overall outcome as Internet use.
Even when everyone uses the Internet,
there could well be differences between
high-intensity and low-intensity users.
It is also important to note that agents
do not "compete" with the Internet, since
all of the information about a listing that
appears on the Internet is first collected
by an agent. The Internet can inform
buyers and make housing markets more
liquid only if the information is accurate.
Accurate information helps buyers help
themselves: a 3 bedroom, 2 bathroom
house will be ignored if recorded as a
32 bedroom house with no bathrooms.
Computer logic will also change listing
tactics, at least slightly. For example,
to survive the first stage of an Internet
search, the home's list price must be
chosen more carefully; the default for
some search engines is to rank listings
from lowest asking price to highest, and a
buyer may not consider all of the search
engine's suggestions. Finally, having a
source of impartial background informa
tion seems to give buyers an extra degree
of comfort when they make decisions.
This article has focused on time taken
to buy, but ZJA also present interesting
evidence on the number of homes visited.
Non-Internet users saw about 1.0 house
per week; users inspected about 1.7, plus
many more on-line. This difference, com
bined with the lower average time, sug
gests that Internet users buy more quickly
because they put more effort into search
ing, not because they are less "picky."
We should also note that the "back
of-the-envelope" calculations described
above ignore many differences between
buyers, such as number of children or
preferred style of house, that may be
obvious to a competent agent. Another
problem is that the computations above
yield a lower estimate of Probability
(First Learn from AgentlUser) than the
more systematic ZJA study found. Per
haps agents are more attentive to buyers
who seem more serious and, if so, the
difference between lSI and Is overstates
the contribution of a buyer acting alone.
Illinois Real Estate Letter

Finally, there is no cause for ringing
a death knell for the brokerage industry.
The rules of business have changed less
than Internet advocates once suggested 
an outcome as true in real estate as in the
still-thriving wholesale and retail sectors.
Computers can sort data very quickly,
but buying or selling a house is more than
numbers. The Internet offers advantages,
but expertise and hard work give agents a
comparative advantage, so the Internet's
overall competitive effect is unclear.
With or without the Internet, there are
at least two ways to work hard: match
buyers and sellers often, or match them
well. The colorful history of dating ser
vices shows that computerized matches
are not always done well. Because human
agents have a comparative advantage in
matching well, I expect them to remain
in business for a long time.
•

Notes
l. From a 1999 National Assn. of Realtors'" survey.
2. From a 2002 National Assn. of Realtors'" survey.
3. See Zumpano, ]olmson, and Anderson (2001).
4. This conclusion is not limited to real estate mar
kets. Kulm and Skuterud (2000) found that Internet
users in a labor market differ from non-users, and
that Internet use tends to complement the use of job
placement services.
5. A hazard rate shows the probability of an
event's occurring during a short period of time,
given that it has not yet happened. Theoretical
models of real estate brokerage often treat the
hazard rate as constant. This assumption is not
entirely accurate (ZJA, 2001; Anglin, Rutherford,
and Springer, 2002), but it can be an acceptable
approximation, and it simplifies the arithmetic
substantially. For example, ,if the per-week hazard
rate of purchase is constant at 1/3, then the proba
bility that a buyer would buy during week 1 is 113.
The probability of purchase during week 2 is 113 x
(1-113) = 219, and so on. Thus the average time to
buy is 11(1/3) 3 weeks.
6. See Lancaster (l990),p. 102.
7. See Zumpano, Johnson, and Anderson (2001),
Tables V and VI.
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Land Valuation Issues: Past, Present, and Future
Peter F. Colwell
The following paragraphs contain
excerpts from a keynote address that
ORER Director Peter Colwell presented
to the European Real Estate Society in
Glasgow, Scotland on June 5, 2002.
The title of this Address is Land Valua
tion Issues. By land valuation, I mean the
technology of estimating land value. To
a great extent, the issue involves devel
oping a modeling technology. Modeling
technology includes deciding which
variables to include, as well as determin
ing how and whether to specify the nat
ure of relationships. Of course, concerns
such as those predate the construction of
explicit models. Today much modeling
remains casual, impressionistic, and
intuitive. Modeling technology interacts
with the development of theory: if we do
not know what to look for and where to
look, we are not likely to find anything
interesting. Without theoretical con
structs, we are likely to misinterpret what
we do find. So it is impossible to create
a fabric out of the disparate threads of
research in land valuation without weav
ing in some notions from theory.
My remarks will surely contain some
errors and omissions. Fortunately, there
is a helpful precedent that I can cite. The
Navajo Indian weavers from America's
southwest rationalize their errors on the
basis that each mistake lets evil spirits
out. I plan to follow their lead.
Expert Views and Rules of Thumb
People who seek to understand land val
ues today are likely to begin their quest
just as their forebears did hundreds of
years ago: by asking questions of those
they see as experts. Who are the experts
that we should be asking? Appraisers
in the US, or surveyors in the UK, are
among the likely candidates. Also, indi
vidual land owners tend to know a great
deal about their own properties, though
they tend to have statistically biased
views of the values of land they possess.
But usually, those who seek insights into
land values ask professionals with broad
market expertise; this approach was taken
in Ireland by William Petty in the 17th
pa)!e
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century, and seemingly by George Olcott
in his 20th century study of Chicago.
Petty, an English economist, went
from county to county in Ireland assem
bling local experts to value all property.
His was not the first such effort, but may
have been the first credible attempt of its
type. The principal purpose turned out to
be to give Cromwell a way to compen
sate his soldiers with Irish land prior to
bringing them home. (It is generally a
good idea for political incumbents to
pay soldiers prior to bringing them home
from a foreign campaign.) Olcott's work
has been extremely important in the

10%. Accountants will recognize this
function as the one they use in the sum
of-the-years-digits method for computing
depreciation. Mathematicians will rec
ognize the 4-3-2-1 rule as a quadratic
function, while they would be quick
to see that more complex depth rules
have been based on power functions or
logarithmic functions. We should note
that most depth rule designers have treat
ed value as having a linear relationship
to frontage, but a nonlinear relationship
to depth. Specifically, they have viewed
value as a variable that increases at a
decreasing rate as depth increases.

history of urban economic thought, but
his Blue Book ofChicago Land Values
has been a Black Box. No outsider really
knows how Olcott's Blue Book was
created, or how closely it mirrors actual
transaction data. His methodology may
have been as simple as interpolating
between sales in space. But it clearly
embodies some valuation rules.
Valuation rules vary from the most
simple, such as a constant assumed value
per acre or hectare, to the rather sophis
ticated, such as various depth rules. A
straightforward example of these more
sophisticated devices is the 4-3-2-1 rule,
whose use in its heyday a century ago
reflected the fact that a given city tends
to have lots of a standard depth. In New
York City this frequently encountered
lot depth is slightly greater than 100 feet.
Under the 4-3-2-1 rule, the first quarter
of a standard urban lot's depth is deemed
to contain 40% of the value; the next
quarter is deemed to contain 30%.
So, by this logic, the first half of a
lot, as we walk back from the street,
accounts for 70% of the total value. The
third quarter accounts for 20%, and the
last quarter accounts for the remaining

Depth rules were widely used in US
assessment practice in the late 19th and
early 20th centuries, but their use has dim
inished dramatically since. What may
have been most interesting about these
rules of thumb is not that they implied
nonlinear value functions, but that they
suggested a type of nonlinear pricing
precisely the opposite of the nonlinear
pricing envisioned by appraisers of the
time, a concept known as plottage, to
which I will return soon.
A timeless and universal lesson from
the depth rule literature is that land value
may depend more on a site's dimensions
than on its area. This view has profound
consequences for such issues as property
taxation and "urban sprawl." Many issues
related to sprawl (the idea that cities have
become overly large, in some geographic
sense) really relate to total street length:
street and sewer repair, congestion, police
patrols, emergency response times, and
other concerns related to the need to de
liver public or private services over great
er road lengths. Local government could
address many of these issues by levying a
user charge on frontage. In the US, a tax
on frontage is called a special assessment.
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In the modern era, we still use some
rules of thumb. Consider direct capital
ization under the income approach to
valuation, in which we assume that a
relationship between income and value,
once determined for a particular type of
property, can be generalized to similar
lots or improvements in the nearby area.
One application of income capitalization
is the land residual technique, in which
we estimate land value based on income
that would not relate to improvements.
Specifically, from an improved proper
ty's net operating income the analyst
subtracts the construction cost times the
building capitalization rate; this differ
ence can be interpreted as the residual
income associated with the land. Divid
ing this residual income by the land "cap"
rate yields an estimate of land value.
A number of notions underlie these
valuation techniques; one is that a new
building's value is the cost to build it. A
fundamental issue is whether the land
value and the building value sum to the
value of the developed property. Option
pricing theory would suggest that unde
veloped land's value derives largely from
the option to develop it. Once the devel
opment option is exercised, the land's
value drops dramatically. So iftotal prop
erty value equals land value plus building
value, can we infer that buildings - which
tend to reduce the land's option value 
are typically worth much more than they
cost, to make up for "lost" land value?

The Gradient Question
Statistical analysis may be the key to
answering many land valuation questions.
Economists have long tried to measure
real estate values through an application
of regression analysis called hedonic re
gression, in which total or per-unit value
(proxied by sale price) is the dependent
variable and property attributes are the
independent variables. Regression was
used to value real estate as early as 1922,
while the term hedonics dates to the late
1930s, though the theoretical constructs
we use today were introduced by Sherwin
Rosen in 1974. From then on, hedonic
regression was seen to be a reduced form
analysis, whose parameters contain infor
mation on both supply and demand. Even
before Rosen, an oral tradition among
economists recognized this fact.
Spring/Summer 2002

Edwin Mills, one of the fathers of
urban economics, conducted a hedonic
analysis of Chicago land using Homer
Hoyt's early data on the city's land trans
actions and then switching to Olcott's
data, to offer empirical support for the
monocentric urban model. The use of
Hoyt's data is ironic, in that Hoyt did not
buy into the standard urban model as put
forth by Ernest Burgess (who took von
Thunen's model into the urban context
and presaged the work of Mills, Richard
Muth, and William Alonso). Mills's first
task was measuring the gradient that des
cribes the rate at which land value falls
as distance from the city center increases.
The nonlinear pricing of urban land
is a topic I have tried to shed light on in
work with various co-authors. The idea

alization into land values is an important
cottage industry, which has identified
several issues. First, we must determine
the value surface's shape prior to the time
when the externality comes into existence
(or when some announcement or other
event causes people to anticipate that the
externality will arise). The reason is that
negative externality producers may locate
at low points in the value surface, to min
imize political and other costs they might
face. Thus, any measurement should re
flect the "before" as well as the "after."
Apparently, many externalities do
not travel far. A practical outcome is that
most of us embrace NIMBY (not in my
back yard), but only a few diehards em
brace BANANA (build absolutely nothing
anywhere near anything). A theoretical

that values vary in a nonlinear fashion
with something has been with us for a
long time; plottage - the idea that price
should increase at an increasing rate with
parcel size - was accepted by appraisers
long before statistical models arrived on
the scene. Working with Henry Munneke,
I have found evidence that plottage exists
in central city locations. But others have
shown the opposite in most situations,
terming as plattage the idea that prices
rise at a decreasing rate with parcel size.
Working again with Munneke, I have
shown the relevance of this kind of non
linearity for estimating gradients; the
estimates are too large if nonlinear pric
ing is ignored. Yet gradients do not go
away even with nonlinear pricing, though
they become tiny. Hoyt would be proud.

implication is the challenge created for
measuring externalities' impact on land
values. It is preposterous to create a grad
ient that starls at each externality source;
any attempt to do so results in chaos in
the overall implied value surface. Yet
it is almost as wrong-headed to create
gradients whose effects end at the edge
of some zone; the result would be price
discontinuities at zone edges.
A useful model should not permit
discontinuities, because of arbitrage
possibilities, unless the discontinuities
result from topography or variations in
regulation or taxation. Instead, the model
builder's externality variables should
apply over a small area. The approach
could be as simple as including a dummy
variable, perhaps measuring whether the
parcel is within sight of the offending use
or within some distance (e.g., 100 feet)
of it. A more sophisticated approach
might be to create a distance variable that
has a zero value beyond a ring surround
ing the externality source, but gets bigger
as the source is approached. This tech
nique would maintain continuity of the
land value surface, while showing that
surface to have some pimples and pocks.

The Role of Externalities
Work I conducted with Paul Asabere
reveals the impact of relative lot areas.
Under this theory, a tract ofland has val
ue that is a function of its own size and
the sizes of other parcels in its neighbor
hood. The relative lot area hypothesis
thus is an externality argument. Measur
ing externalities by detecting their cap itIllinois Real Estate Letter
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The idea that significant externalities
do not travel far suggests that we should
expect to see higher land values in higher
use zones (in the jargon of zoning regula
tion) as long as the market is unaffected
by zoning or other land use regulations.
Here I mean that prices should be higher
in the interior of a residential zone than
in a commercial zone. Higher prices
should prevail in the residential zone's
interior than on the boundary with the
commercial zone because negative exter
nalities flow from commercial to resi
dential areas. At the same time, if equi
librium prices were not the same at the
boundary between zones, the boundary
would shift through interuse arbitrage.

More Advanced Analytical Techniques
The point is that measuring zoning regu
lation's impact can be tricky. If a set of
zoning variables produces no significant
pricing effects, then zoning has some
impact, eliminating externality-based
pricing effects that would be found in
an unregulated market of the type just
described. But if, as usually occurs, the
lower use has higher prices (commercial
land selling for more per square foot than
residential), then zoning regulation has
profound effects; it goes too far. In mod
em land use regulation analysis, we rec
ognize the endogenous nature of zoning.
Ordinarily, the problem is called selec
tion bias, and we use two or more stages
to reveal zoning's effect on land values.
In addition, nonparametric statistical
techniques have begun to gain ascen
dancy in the study of land values. Kernel
approaches are the most popular of these.
Observations are weighted based on some
kind of function, such as tri-cube, or
normal density. The analyst predicts
values for a grid intersection or another
key point in space, and then repeats the
process for another point in space. This
approach generates a value function that
knocks off the peaks and valleys. Anoth
er nonpararnetric approach is piecewise
parabolic multiple regression analysis,
which could be viewed as a very simple
spline technique. This approach generates
a function showing continuous values,
but it potentially reveals the highs and the
lows. Problems arise with the edges of
the data associated with kernel and piece
wise parabolic approaches. It is best not
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to try to produce estimates at the very
edge. Spatial autocorrelation also shows
promise as a tool for explaining land
values. The underlying idea is that land
sales are not independent spatially.
A Navajo might suggest that spatial
autocorrelation has gained some favor
because there are holes in our paramet
ric models. The spatial autocorrelation
approach depends upon the notion that
spatially closer sales are potentially
related. And, in many cases, they are
related. However, these tools totally miss
the dependencies that are linear - those
associated with proximity to a road, a
canal, or a shoreline, for example, or
those that repeat at spatial intervals, such
as comer lots. So why not simply patch
the holes in our modeling?

improved properties we must include
land and building attributes in a single
equation. After all, building attributes
are correlated with land value (economic
persons substitute more capital for land
when land is more dear). Identifying land
value as the residual from an equation
incorporating only building variables
would be a serious mistake, because the
building variables would proxy for the
omitted land attributes.
Second, the form of the equation must
allow for the separation of land from
buildings. For example, a linear function
will do nicely in this regard (but not in
most other respects), but a log linear
function (logs on both sides) will not be
separable. A test for determining whether
this requirement is satisfied is simply to

Getting Back to Basics
Another important valuation technology
is repeat sales analysis - analytically,
simply the ratio of two hedonic models
(a second sale model and a first sale
model). A lot of things cancel out if
parameters and attributes do not change
between the first and second sale. This
situation creates both a problem and an
opportunity. It is a problem if we use the
repeat sales analysis as if there have been
no such changes. But it is an opportunity
in the sense of seeing the possibility for
hybrid hedonic-repeat sales analysis. This
kind of analysis has been done, by Brad
Case and John Quigley. But there is room
for future research to focus on changing
parameters on location variables, com
bined with repeat sales analysis. So just
as we can mix parametric and nonpara
metric models to get semi-parametric
models, mixing repeat sales and hedonics

substitute a zero for all the building attri
butes, and then see whether the magni
tude that remains is sensible as a value
of the land (for example, it should not
be zero). No matter what creative things
we might try in the cO,ntext of using
developed land sales, we will encounter
serious problems by omitting critical land
attributes from the equation.
Why, then, do we not simply estimate
land values from data on transactions in
volving vacant land? Some authors argue
that doing so is an impossible dream,
because land transactions are almost
nonexistent in central cities. But, in fact,
the contrary is true. Major urban down
towns are home to numerous sites with
almost zero capital; these sites include
parking lots and teardowns. Transactions
involving these sites are essentially land
transactions. In fact, it is the part of a
developed city outside the hub of com
mercial activity that will typically have
few land transactions. Occam's Razor
directs us to analyze problems by taking
the simplest possible course. What sim
pler and better way could there be to
understanding land markets than studying
•
purchases and sales ofland?

yields a perfectly fine hybrid approach.

Many authors have imagined that we
can learn the truth about land values by
using data on developed property (land
and buildings). Perhaps they are right in
principle, but the practice has left much
to be desired. First, when our data reflect
Illinois
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Instructor Notes

The Rule 0/72 ... Plus 114, 144, and Beyond
Joseph W. Trefzger
The Rule of 72 is a commonly known
tool for providing a rough estimate of
how many years it takes for a given value
to double if a specified annual rate of
return is earned or, alternatively, what
annual return must be earned if a given
value is to double in a specified number
of years. If we represent n as the number
of years and r as the annual rate of return,
we can state the Rule of 72 as
or

72 + a specified r = n
72 + a specified n ;:; r .

For example, it takes about 9 years for a
building's value to double if it grows by
8% annually; the annual rate of increase
would have to be about 12% for value to
double in 6 years. When we observe how
a single value grows, we use the equation

Initial Amount (1 + r)" =Ending Amount.
If the initial amount doubles, then the
ending amount becomes two times the
initial amount, and the equation simpli
fies to what we might call Equation 1:

(1 + r)"

2.

We can "clean up" the troublesome
variable exponent by taking the logarithm
of each side of the equation. A logarithm
is the exponent to which a base is raised
to yield a desired value. One useful app
lication of "logs" is solving an equation
whose unknown is an exponent. 1 In fin
ancial computations we usually use the
natural logarithm, designated "In," based
on the irrational number called e, which
is the limit of (1 + lin)" as n approaches
infinity (e's value turns out to be approxi
mately 2.718282). We can solve Equation
1 by taking the natural logs of both sides:

In [(1 + r)"J =In 2 .
The log of a quantity raised to an expon
ent is simply the exponent times the log
of the quantity; therefore, we have
n

x In (1 + r) = In 2

(In 2 = .693147, since 2.718282,693147 = 2).

If we divide In 2 by In (1 + any chosen r),
our quotient is n. And dividing In 2 by
any chosen n gives the quotient In (1 + r).
The Rule of 72 works because when
n x In (1 + r) = .693147, the product
of n times r typically equals about 72.
Spring/Summer 2002

Why Does That Result Occur?
If we can earn 9% annually, then (1 + r)
is 1.09, and the time for value to double
is In 2 + In (1.09) = .693147 + .086178:::
8.04 years. The rule, which here estim
ates 72 + 9% ;:; 8 years, works well over
a range of rates. However, at the low rate
of 1%, we find In 2 + In (1.01) .693147
+ .009950 ;:; 69.3 years; the rule (72 + 1%
= 72 years) is somewhat inaccurate.
If we know our desired n, we fmd
the corresponding In (1 + r) as In 2 + n.
We then undo the log form to compute
r by using the quotient of In 2 + n as the
exponent x in e. If value doubles in 10
years, n = 10; .693147 + 10 =.069315.
With In (1 + r) .069315, (1 + r) =e,069315
= 1.072, and the true required return is r
7.2%. The rule (72+ 10 years;:; 7.2%)
works quite well here (it is useful for
a range of years, though to double in
one year we need 100%, while the rule
suggests that 72 + 1 year = 72% should
suffice). It works fairly well for "typical"
periods or rates, with predictions correct
within 4% for chosen rates from 0 - 17%,
and chosen periods from 5 1,000 years.
Why does the rule work over such a
wide range?2 If money is to double, then
n

or else

=In 2 + In (1 + r)

In (l + r) = In 2 + n .

But to understand the rule we want to iso
late n·r, not simply n or a function of r.
How can we get n·r on the left-hand side
of the equals sign? Here we can multiply
n by r·lIr (which equals 1 and thus does
not change the total value) in Equation 1:
(1 + r)"·r.llr = 2
In [(1 + rr'II'] = In 2
n·r x In [(1 + r)lIr] In 2
n·r x In VI + r = In 2

n·r In 2 + In VI + r.

[Eqn. 2]

This result is important; notice that
for "typical" rates r, In VI + r is just
less than 1 (for 7%, it is In ,01h.07 == In
[(1.07)14,2857l4] In 2.628865 = .966552).
We divide .693147 by a value just less
than 1, for a quotient just above .693147
somewhere close to .72. So for "reason
able" r values, n·r = about .72 (treating r
as a percentage gives n·r about 72).3
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Tripling the Value and Beyond
The Rule of 72's structure can be applied
to any multiple. To see how values triple,
we substitute a 3 into Equation 2:

n·r = In 3 + In VI + r
n·r = 1.098612 + In VI + r .
Dividing 1.098612 by a value just less
than 1 yields a quotient slightly greater
than 1.098612 - a figure close to 1.14.
A Rule of 114 for tripling gives fairly
good estimates for a wide range of rates
and time periods. The table below shows
"rules" that work reasonably well for
several mUltiples. 4 Each is correct within
4 % for r values from about 0% - 17%,
and for time periods from a small number
to more than 1,000 years. s
•

Notes
1. Another useful application of "logs" is replacing
huge values with more workable small numbers; we
can represent a billion, for example, with its base-lO
logarithm of 9 (since 109 =one billion).
2, While business students quote the rule without
being able to explain it, its workings are no mystery
to mathematicians (see Ricrulrd Morris and Anthony
Lerro, "The Rule of 72: Why It Works," Journal of
Financial Education, Fall 1995), An actuarial sci
ence student showed me the logic twenty years ago.
3. For very small r values, a rule based on 69 can be
superior to one based on 72. When r is small and n
large, we approach continuous compounding, based
on the formula e"~. If en', =2, then n'r =: In 2 + In e =
In 2 + 1 .693147, An implication is that if there
are many compounding periods in a year, we might
want to divide into 69. With a 12% stated return and
annual compounding, it Lakes 6.12 years for value to
double, 72 + 12% = 6 years is a good estimate. But
with monthly compounding the monthly rate is 1%,
for an effective annual rate (EAR) of (1.01)12 - 1 =
12.6825%; doubling takes only 5.8 years, and 69 +
12% =5,75 is a better estimate than 72 + 12% =6,
4, For quadrupling, we replace the 2 in Equation 2
with a 4. Dividing In 4 = 1.386294 by a value just
under 1 yields a quotient close to 1.44. This result is
not surprising, since quadrupling involves doubling
what already doubled, and .72 doubled is 1.44. A
Rule of 144 (twice the Rule of 72) provides good
estimates of how values quadruple, but it is not a
Rule of 288 that approximates growth by a factor of
8. Octupling is estimated by a Rule of216 (= 72 x
3); a Rule of 288 estimates growth by a factor of 16.
S, This level was chosen simply because the Rule
of 72 is correct within 4% over most "reasonable"
rand n values,
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Viewpoint

A Market for Governing Bankrupt Cities
Peter F. Colwell
How might essential services be provided
when a governmental unit, such as a city,
goes into default on its bond obligations?
Consider a five step process. First, a court
appoints a trustee. Next, the trustee div
ides the bankrupt municipality into small
pieces. For example, the central city of
a metropolitan area might be split into
numerous (e.g., twelve) wedge-shaped
slices. Third, the trustee holds an auction,
in which nearby jurisdictions bid for the
right to provide public services within
these wedges. Fourth, the trustee assigns
the rights to provide services according
to the auction results. Finally, the trustee
distributes the auction proceeds to the
city's creditors based on priority of claim
(or however the court fmds appropriate).
Design and administration of the auc
tion process are essential aspects of this
proposed plan. To create enough demand
among bidders, the trustee would want
to conduct the sale based on an auction
concept known as "choice." Choice is an
effective device when an auction is char
acterized by numerous similar items to
be sold, but a small number of bidders.
Choice helps to allay a seller's fear that
if each bidder wanted only one item, and
each sought a different item, there would
be a lack of competitive bidding, and the
sale could fail to deliver total proceeds
close to the items' value to the seller.

How the Choice Process Works
When the choice mechanism is used,
each bidder bids not for the right to buy
a specific item, but rather for the right
to choose from among remaining items.
For example, Suburb C might wish to
provide local government services only
to wedge-shaped Area 3. Its motivation
might be increasing its scale of operation
to a more efficient level; getting access to
future taxes generated by the area's prop
erties; or even gaining control of city fac
ilities, like trash dumps, that create nox
ious externalities for C's residents. In the
first auction round, C's officials would
willingly bid a price equal to the benefit
they would gain by governing Area 3.
Suburb H might offer the first round's
highest bid, and might choose to govern
Area 3. But if H chose to govern Area 8,
C would willingly repeat its bid in round
2. Of course, H might also win round 2,
and if it chose Area 3 (along with 8) then
C would abstain from further bids. The
highest bidder in each following round
would be able to choose from remaining
areas to govern, though competitive pres
sure might decline after several sales had
occurred. The trustee would then want
to offer remaining areas for the last com
petitive auction price, but bidders might
demur. At that point the auction would
degenerate into sales by private treaty. •
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